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Abstract
In thisarticlewedevelopa theoryfor framesin tensorproductof
Hilbert spaces.We showthat like basesif YI, ... ,Yn areframesfor
HI,. .. ,Hn, respectively,then
is a frameforHI @... @Hn. Moreoverweconsiderthecanonicaldual
framein tensorproductspace.We furtherobtaina relationbetween
thedualframesin Hilbertspaces,andtheirtensorproduct.
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1 Introduction
In 1946Gabor[7]introducedatechniqueforsignalprocessingwhichledeven-
tually to waveletheory.Later in 1952DuffinandSchaeffer[5]introduced
frametheoryfor Hilbertspaces.In 1986Daubechies,GrossmannandMeyer
[4]showthatDuffinandSchaeffer'sdefinitionwasanabstractionof Gabor's
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concept.Nowadaysframesworkas an alternativeto orthonormalbasesin
Hilbertspaceswhichhasmanyadvantages[9]. Sincetensorproductis use-
ful in approximationtheory,in thisarticleweconsidertheframesin tensor
productof Hilbertspacesandextendsomeof theknownresultsaboutbases
to frames.
Let H bea separablecomplexHilbertspace.As usualwedenotetheset
of all boundedlinearoperatorson H by B(H). We useN, Z, IR andC to
denotethe naturalnumbers,integers,realnumbersandcomplexnumbers,
respectively.I, J andeveryJi will denotegenericountable(orfinite)index
sets. Wewill alwaysuseEl ={eihE! and E2 ={Uj}jEJ to denote orthonormal
basesforHand K, respectively.A sequence{xn}in aHilbertspaceH iscalled
a frameforH, if thereexisttwoconstantsA, B >0 suchthat
forallx E H. (1)
n
The numbersA andB arecalledtheframebounds.Theframe{xn}is called
a tight frame if we can chooseA =B and a normalizedtight frameif A =
B =1. Therefore{xn}is a normalizedtightframeif andonly if for every
x E H, IIxI12= 2:n I <x,Xn>12.If {Xn}isanormalizedtightframe,thenfor
everyx EH, x = 2:n < X,Xn> Xn (at leastin theweaklyconvergentsense).
Conversely,if {xn}is a sequencein H suchthat theequationx =2:n <
x,Xn>Xnholdsforeveryx E H (theconvergenceanbeeitherin theweakly
convergentsenseor in thenormconvergentsense)then{xn}is a normalized
tightframefor H. Obviouslyeveryorthonormalbasisis a normalizedtight
frame.
Throughoutthis paper,all of the Hilbertspaceswill be separableand
complex.For conveniencewe will denotethe innerproductof all Hilbert
spacesby < .,. >.
2 Frame In Tensor Product
In thissectionweconsiderthetensorproductofHilbertspacesandwegener-
alizesomeoftheknownresultsaboutbasesto frames.Thereareseveralways
of definingthetensorproductofHilbertspaces.Follandin [6],Kadisonand
Ringrosein [11]haverepresentedthetensorproductofHilbertspacesHand
K asa certainlinearspaceofoperators.Sinceweusedtheirresultsfirstlywe
statesomeof thedefinitions.
Let Hand K beHilbertspaces.Thenweconsiderthesetofall bounded
antilinearmapsfromK to H. The operatornormof anantilinearmapT is
definedasin thelinearcase:
IITII =sup IITxlI.
IJxll=l
(2)
FramesandBasesin TensorProductof HilbertSpaces 529
The adjointofa boundedantilinearmapT is definedby
<T*x,y>=<Ty,x > forallx E H, y E K. (3)
Notethat themapT t---7T* is linearratherthanantilinear.SupposeT is
an antilinearmapfromK into H andEl ={eihEI and E2 = {Uj }jEJ are
orthonormalbasesforHand K, respectively.ThenbytheParsevalidentity
L IITujll2=L IIT*eiIl2
j
(4)
This showsthatL:j IITujl12is independentof thechoiceofbasisE2.
Definition 2.1 LetHand K beHilbertspaces.Thenthetensorproduct
of Hand K is thesetH 0 K of all antilinearmapsT : K --+ H such
thatL:j IITUj112< 00for some,andhenceevery,orthonormalbasisE2 ofK.
Moreoverfor everyT E H 0 K weset
IIITIW = L IITuj1l2.
j
(5)
By Theorem7.12in [6],H 0 K is a Hilbertspacewiththenorm111.111and
associatedinner product
<Q,T >=L <QUj,Tuj>,
j
(6)
whereE2 = {Uj}jEJis anyorthonormalbasisof K. Let x E Hand y E K.
Thenwedefinethemapx 0 y by
(x0 y)(y')=<y,y'>x, (y'E K). (7)
Obviouslyx 0 y belongsto H 0 K.
Let T E H0K. Hx,x' E Hand y,y' E K, thenby [6]
IIITIII = IIIT*III,
IIlx0 ylll = Ilxllllyll,
" , ,
<x0y,x .0y >=<x,x ><y,y >.
(8)
(9)
(10)
- SupposeEl ={ei}iEI and E2 ={Uj}jEJareorthonormalbasesfor Hand K,
respectively.Then,
El 0 E2= {ei0 Uj : i El, j E J}
is anorthonormalbasisforH 0 K, byProposition7.14in [6].
NowwecangeneralizeTheorem2.6.4of [11]andProposition7.14of [6]to
frames.
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Theorem 2.2 LetHI,'" ,Hn beHilbertspacesandYI ={YI,ihEJp'" ,Yn=
{Yn,ihEJnbeframesforHI,'" ,Hn,withframeboundsAI, BI;'" ;An,Bn,re-
spectively.Then
is a framefor HI 0 ... 0 Hn withframe boundsAIA2'" An andBIB2'" Bn.
In particular, if YI, . .. ,Yn arenormalizedtightframes,thenit is a normalized
tightframe.
By usingtheassociativityoftensorproduct[11,Proposition2.6.5]andby
induction it is enoughto provethe theoremfor n =2.
Theorem2.3 Let{Xn}nEIand {Ym}mEJbeframesfor Hand K, respec-
tively.Then{xn0 Ym}nEI,mEJis aframefor H 0 K. Moreover,{xn0 Ym}is
a normalizedtightframeif {xn}and{Ym}are.
Proof. Let A,Band C,D betheboundsof theframes{xn}and{Yn},re-
spectively.ThenbytheParsevalidentity,forallT E H 0 K wehave
<T,xn0Ym>=L <TUj,xn0Ym(uj) >=L <TUj, < Ym,Uj>Xn>
j j
=L <Ym,Uj ><TUj,xn >
j
=<L <Ym,Uj>Tuj,xn >
j
=<T(L <Ym,Uj >Uj),Xn>=<TYm,Xn> .
j
(T is an antilinearmap)
Therefore L:n L:m I <T,Xn 0 Ym>12 =L:n L:m 1<TYm, Xn >12.Since{xn}
is a frameforH, it followsthatforeverym E J2,
n
and
(11)
m m n m
Moreover,sinceEl isanorthonormalbasisforH, thenbytheParsevalidentity
(12)
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;
Nowbyusingthefactthat{Ym}isa frameforK andby(4),weconcludethat
L IITYml12=LL 1<T*ei,Ym >12
m m i
=LL 1<T*ei,Ym >12
i m
:::;D L IIT*eiI12= DL IITUjl12 =DIIITII12,
i j
and similarly,
L IITYml12 ~CL IIT*ei112=CL IITUjl12=CIIITIW.
m i j
Thus
(13)
m
Thereforeby inequalities(11)and(13),weget
ACIIITIW:::;LLI <T,xn0Ym>12:::;BDIIITIW.
n m
Thus {Xn0 Ym}is a frameforH 0 K.
For theconversewehavethefollowingresult.
Theorem 2.4 Let{Tn}nEJbeaframefor H 0 K. Thenfor eachXoE H
andYoE K thesequences{TnYo}nEJand{T~Xo}nEJareframesfor Hand K,
respectively.Moreoverthesearetightframes,if {Tn}nEJis.
<>
Proof. Let A, B betheframeboundsfor {Tn}nEJ.As wesawin theproof
ofTheorem2.1,forall x E H wehave
<x (8)Yo,Tn>=<x,TnYo> .
Since{Tn}nEJis a frameforH 0 K, wehave
n
Hence
n
Therefore{TnYo}nEJis a frameforH. Similarly,sinceforall Y E K
< Y,T:xo >=<Xo,TnY>=<Xo(8)Y,Tn>,
we concludethat {T~XO}nEJis alsoa framefor K. <>
Corollary 2.5 If {Tn}nEJis aframefor H 0 K, thenfor eachXoE Hand
YoE K thesequence{Tn(Yo0 xo)Tm}is alsoaframefor H 0 K.
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Proof. In viewof Theorems2.3and2.4,thesequence{TnYo@T~xo}is a
frameforH @K. On theotherhand,sinceTn is antilinear,foreveryY E K
TnYo@T~xo(Y)=<T~xo,Y >TnYo=<Tmy,Xo>TnYo=Tn(Yo@xo)Tm(Y).
Hence{Tn(Yo@xo)Tm}is a framefor H @K. <>
Theorem 2.6 If Q E B(H) is an invertibleoperatorand {Tn}nEJ is a
frame in H @K, thenthesequence{QTn}nEJis alsoa framefor H @K.
Proof. SinceQ is a boundedinvertibleoperatoronH, thenforeachx E H
(14)
Let T E H @K. Since{Tn}is a frameforH @K andQ*T EH @K wehave
AIIIQ*TIW :::;L 1 < Q*T,Tn> 12:::;BIIIQ*TIW,
n
whereA, B areframeboundsfor {Tn}nEJ.But < Q*T,Tn>=<T,QTn>,
therefore
AIIIQ*TIW:::;L 1<T,QTn > 12:::;BIIIQ*TIW. (15)
n
Nowby using(5)and(14)foreveryj E J, wehave
AIIQ-111-211ITIW:::;L 1<T,QTn > 12:::;BIIQI12111TIW
n
Therefore{QTn}nEJis a framefor H @K. <>
Corollary 2.7 If Q E B(H) is a unitary operatorand {Tn}nEJis a frame
in H@K, thenthesequence{Rn}nEJdefinedbyRn =QTnis alsoaframefor
H@K.
SinceIIITIII= IIIT*III,thenT E H@K if andonlyifT* E K@H. Nowwe
havethefollowingresult.
Theorem2.8 Thesequence{Tn}nEJin theHilbertspaceH @K is aframe
if andonlyif {T;}nEJis aframefor K @H.
Proof. It's enoughtonotethat IIIT*III = IIITIIIandforevreyn, byapplying
theParsevalidentityasin (4),wehave<T*,Tn >=<T,T; >.
For theconverse,it is enoughto notethatT;* =Tn. <>
Corollary 2.9 Thesequence{Tn}nEJin theHilbertspaceH@H is aframe
if andonlyif {T;}nEJis.
Corollary 2.10 If Q E B(K) is an invertibleoperatorand{Tn}nEJis a
framefor H @K, thenthesequence{TnQ}nEJis alsoaframefor H @K.
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Proof. Since{Tn}nEJis a frameforH 0 K, {T~}nEJis a frameforK 0 H,
by theabovetheorem.Moreover,Q E B(K) is an invertibleoperator,thus
Q* E B(K) is an invertibleoperator.Nowby Theorem2.6,{Q*T~}nEJis a
framefor K 0 H. Therefore,by Theorem2.8,{TnQ}nEJis alsoa framefor
H0K. 0
Corollary 2.11 Let {Tn}nEfbea framefor H 0 K andletQ E B(H)
andRE B(K) beinvertibleoperators.Thenthesequence{Sn}nEJdefinedby
Sn=QTnRis aframeforH 0 K.
Now wecanrepresenttheinnerproductin H 0 K by normalizedtight
framesin K.
Theorem 2.12 If {Ym}mEJis a normalizedtightframefor Hilbertspace
K, thenfor allQ,T EH 0 K wehave
< Q,T >=L <QYm,TYm>.
mEJ
Proof. LetT, Q E H 0 K, Let {eihE! beanorthonormalbasisforK. Since
{Ym}is a normalizedtightframe,thenforeveryi E I andT E H 0 K, we
haveT*ei = 2:m<T*ei,Ym>YmandIIT*eiI12= 2:mI < T*ei,Ym> 12,Hence
<Q,T > =L <Q*ei,T*ei >=L <Q*ei'L <T*ei,Ym >Ym >
m
=LL <Q*ei,Ym ><TYm,ei >.
i m
Now by usingthe Schwarzinequality,weconcludethat the last doubleseries
is absolutelyconvergent,so
o
m m
Corollary 2.13 1fT E H 0 K and{Yn}nEJp{Zm}mEhbetwo normalized
tightframesfor K, then
n m
Proposition 2.14 Let El = {eihE! and E2 = {Uj}jEJ
basesfor HandK, respectively,andletT E H 0 K. Then
T =L ei0 T*ei (pointwise),
beorthonormal
T =I:TUj 0 Uj
j
(pointwise).
534 AmirKhosraviandM. S.Asgari
Proof. By theParsevalidentityforeveryy E K wehave
and
Ty =T(L <y,Uj >Uj) =L <y,Uj >Tuj
j j
=L <uj,y >TUj = LTuj @Uj(Y)'
j j
o
Proposition 2.15 Let {Xn}nEh and {Ym}mEhbe normalizedtightframes
for Hand K, respectively,andletT E H @K. ThenT = 'EnXn@T*xn =
'Em TYm @ Ym'
Proof. Let Y E K be arbitrary. Then y ='Em < Y,Ym> YmandTy =
'En <Ty,Xn> Xn,in theweaksense.Therefore
n n n
and
m m
m m
o
3 The Canonical Dual Frame
Let{xn}nEJbeaframeintheHilbertspaceH. ThentheoperatorS :H +H
definedbySx ='En <x,Xn>Xn,(x E H), iscalledtheframeoperatorfor
{xn}.By Theorem2.1.3in [9],{Xn}nEJis a framewithframeboundsA, B if
andonlyif S is aboundedlinearoperatorwithAI ~ S ~ BI whereI denotes
theidentityoperatoronH. MoreoverS is apositiveboundedlinearinvertible
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operator,andthesequence{S-lxn}nEJisaframewithframeboundsB-1, A-I
forH. Everyx E H canbewrittenas
n n
Thus S-1 is theframeoperatorof {S-lxn}and
<x,S-IX >=2:1<S-IX, Xn> 12.
n
The framedefinedbyx~=S-lxn (n E J) is calleddualframeof {Xn}nEJin
theframeliterature.Thusforeveryx E H, wehave
x =2:<x,x~>Xn=2:<x,Xn> x~. (16)
n n
Let Hand K beHilbertspaces.ThenbyTheorem7.18in [6]forall Q,Q' E
B(H) and T, T' E B(K) wehave
(a) Q 0 T E B(H 0 K) andIIQ0 TII =IIQIIIITII
(b) (Q 0 T)(x 0 y) =Qx 0 Ty forallx E H, yE K
(c) (Q 0 T)(Q' 0 T') =(QQ') 0 (TT')
(d) If Q E B(H) andT E B(K) beinvertibleoperators,thenQ 0T is an
invertibleoperatorand(Q0 Ttl =Q-l 0 T-l.
Proposition 3.1 Let {Xn}nEh and{Ym}mEhbe framesin theHilbertspaces
Hand K respectively,andletSI, S2andS betheframeoperatorsof{xn},{Ym}
and{xn0 Ym},respectively.ThenS =SI 0 S2.
Proof. Let T E H 0 K bearbitrary.Then T =Lj TUj 0 Uj, by Proposition
2.14.Hence
S(T) =2:2:<T,Xn 0 Ym>Xn 0 Ym
n m
=2:2:<2:TUj 0 Uj, Xn 0 Ym>Xn 0 Ym
n m j
n m j
=2:(2:<Tuj, Xn>Xn)0 (2: <Uj,Ym>Ym)
j n m
=L SI (TUj) 0 S2(Uj)=L SI 0 S2(TUj 0 Uj)
j j
=SI 082(2: TUj 0 Uj) =SI 082(T).
j
o
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Proposition 3.2 Let{Xn}nEIand{Ym}mEJbeframesin theHilbertspaces
Hand K, respectively.If 0=I-,\ E C, then
(i) (xn0 Ym)'= x~0 y:n
(ii) ('\xn)'= (~)-IX~
(iii) (x~)'=Xn
Proof. (i)Let81,82and8 betheframeoperatorsof{xn},{Ym}and{xn0
Ym},respectively.ThenbyProposition3.1,8=81082and8-1=8:;10821.
Thus
(ii) Let T betheframeoperatorfor {'\xn}'ThenT-l = 1'\1-28:;1,where
81is theframeoperatorof {xn}'Therefore
('\Xn)'=T-l('\xn) =1,\1-28:;1('\xn)
=1,\1-2,\8:;I(xn)=(~)-IX~.
(iii) Obvious. o
Proposition 3.3 Let{Tn}nEJbeaframefor H 0 K. Then(T~)'=(T~)*.
Proof. Let 81E B(H 0 K) and82E B(K 0 H) betheframeoperatorsof
{Tn}and{T~},respectively.ThenforeveryT E H 0 K, wehave
81(T)=2:<T,Tn>Tn and 82(T*)=2:<T*,T~>T~.
n n
Sinceforeveryn E J, <T*,T~>=<T,Tn>andsincethemapT t---+T* is
a linearoperator,weconcludethat
n n
n
So 82(T*)= (81(T))*.Since8:;I(Tn)=T~,it followsthat Tn = 81(T~).By
takingadjointsonbothsides,wegetT~=(81n(T~))*=82((T~)*).Hence
(T~)*= 821(T~)= (T~)'
Therefore,(T~)*= (T~)'. o
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